This paper investigates the product pricing decision-making problem under a consignment stock policy in a two-level supply chain composed of one supplier and multiple retailers. The effects of the supplier's wholesale prices and its partial inventory cost absorption of the retail prices of retailers with different market shares are investigated. In the partial product consignment model this paper proposes, the seller and the retailers each absorb part of the inventory costs. This model also provides general solutions for the complete product consignment and the traditional policy that adopts no product consignment. In other words, both the complete consignment and nonconsignment models are extensions of the proposed model (i.e., special cases). Research results indicated that the optimal retail price must be between 1/2 (50%) and 2/3 (66.67%) times the upper limit of the gross profit. This study also explored the results and influence of parameter variations on optimal retail price in the model.
Introduction
Advancements in information technology have changed product transaction process. The transaction process from sellers (upstream suppliers; suppliers) toward buyers (downstream vendors; retailers) has been partially replaced by ecommerce tools and logistics services. In the transaction process, most transaction costs are related to providing product information and convenient product access to the consumer. The use of e-commerce tools can reduce negotiation, ordering, and payment costs during the transaction process. The convenience of logistics services can reduce transaction costs. Although e-commerce improves transaction efficiency, not all goods are suitable for online transactions, particularly those that consumers must touch, observe, and "try out" in order to confirm the function or quality of the product before a purchase can be made at ease. In such transactions, the type of sales channel is a critical factor. We assumed that for certain types of goods, suppliers provide the goods and retailers provide a sales channel. Only through cooperation can the suppliers and retailers promote the goods and sell them to consumers. Regarding the selling of goods, cooperation between suppliers and retailers is effectively a form of partnership rather than a completely transaction-oriented relationship. In a retail sales channel, when a consumer purchases consigned goods from a retailer (the sales price is determined by the supplier), the retailer must immediately pay a consignment percentage to the supplier. The consignment percentage is stipulated in an advance pricing agreement between the retailer and the supplier. From the perspective of the retailer, the profits from consignment sales are regarded as rental income for providing a sales channel; however, such income is not paid periodically and the amount paid is not fixed. This situation is not only ongoing, but the level of income changes with the sales rate.
The aforementioned trading patterns raise the following three questions: In what type of industrial environment or under what policy is it appropriate for suppliers and retailers to form a partnership to enhance product sales collaboratively? Who should initiate or establish such partnerships? Who should supervise the partnership to ensure that the parties honor the contract, and who should monitor and control the supplier to ensure its stability? Addressing these three questions simultaneously requires considering the involved suppliers, retailers, and financial institutes.
Partnerships between suppliers and retailers are particularly crucial for developing Taiwan's industries. According to the statistics of the Small and Medium Enterprise 2 Complexity Administration (MOEA-SMEA) [1] , 97.73% of all enterprises in Taiwan are small and medium-sized enterprises (SMEs). In the manufacturing sector as well as the wholesale and retail trade sector, 96.12% and 97.55% are SMEs, respectively. In this industrial environment, most enterprises in Taiwan are small and medium-sized enterprises that cannot provide sufficient collateral for bank loans. Consequently, economic development in Taiwan has effectively been restricted because the banks provide limited funds to assist enterprises in investment, research and development, and innovation. The aforementioned consignment model seems complex (involving both supplier and retailers), but the key is who supervises the retailer to ensure that they pay the agreed percentage immediately to the supplier in accordance with the advance pricing agreement? We recommend that such a transaction pattern be operated through the assistance of banking institutions or third party payment platforms, which has particular implications in Taiwan's retail industry.
From a supply chain perspective, the retailers' profit (the relationship between product price and cost) is closely related to that of their suppliers. Thus, the relationship between suppliers and retailers is increasingly being valued. A superior partnership can not only reduce uncertainties in the supply chain, but also enable retailers to play a crucial role in a successful supply chain system. In recent years, suppliers have shifted from employing their traditional policies (TPs) to adopting consignment policies (CPs). Such shifting has become a popular trend, in which suppliers cosign their goods to multiple retailers. The operation pattern of suppliers and retailers working individually has transformed into a pattern involving bilateral cooperation. This is a common consignment channel used by Watsons in Asia, 7-11 in the United States, Melissa and Doug, and numerous corner shops. The definition of consignment, according to the American Production and Inventory Control Society (APICS), is "the process of a supplier placing goods at a customer location without receiving payment until after the goods are used or sold."
The following are the advantages of consigning products to multiple retailers: shelves by consigning to multiple retailers, and the quantity of products available on shelves for viewing by consumers is an essential indicator in product visibility. (e) Suppliers can understand the market distribution of products by using Electronic Data Interchange (EDI) to contact retailers. (f) Suppliers can obtain real-time product sales reports from retailers, which enables suppliers to actively respond to changes in consumer product preferences.
(g) Suppliers can use advantageous inventory management and transportation strategies to maintain adequate supplies among retailers.
(h) It reduces suppliers' costs caused by obsolete products.
The advantages for retailers accepting supplier-consigned products are as follows:
(a) Reduces tied up inventory capital and improves cash flow.
(b) Reduces losses from returns and exchanges because of insufficient consumer awareness regarding product attributes, such as changes in product size, form, or color.
(c) Buyer (retailer) transaction costs (such as sellers delivering the products to the retail store) are absorbed by the sellers (main supplier).
(d) Retailers that use e-commerce platforms (Web-based transactions) for retail sales can guarantee that they transfer payment to suppliers only after consumers have received their products. Because e-commerce transaction methods use banks as a third party guarantor, transaction disputes as a result of insufficient consumer awareness toward product information can be reduced.
(e) Improves retailer service levels (reduces risk of being out of stock).
(f) The retailers can reduce the inventory cost of unsold goods resulting from changes in consumer preferences or from products having an extremely short life cycle. Moreover, the losses incurred from unsold goods can be reduced, and high-demand products or those that meet the needs of consumers can be made available for purchase within a relatively short time. Nonetheless, the effect of the cooperative consignment strategy is determined by the completeness of the consignment condition.
Over the past decade, numerous studies have been conducted on consignment stocks (CSs) and have made great contributions to integrating the supplier-buyer supply chain. These studies include Zavanella and Zanoni [2] , Battini et al. [3] , Srinivas and Rao [4] , Yu et al. [5] , Ben-Daya et al. [6] , Hariga and Al-Ahmari [7] , Sarkar [8] , Singh et al. [9] , Islam et al. [10] , and Zahran and Jaber [11] . Studies have mainly considered the optimal consignment models regarding the whole supply chain or investigated the optimal consignment decisions from the perspectives of single suppliers or of retailers. However, they have rarely discussed the inventory risk costs in terms of which parties should absorb them (the supplier alone or both the supplier and the retailers). More importantly, most studies have overlooked the fact that retailers are competitors. Their competition is mainly reflected in the retail prices of their goods. How a retailer decides on optimal retail prices is closely related to the retailer's upper limit of the gross profit. Given Taiwan's industry background and the aforementioned reasons, the present study considers Complexity 3 how a supplier's partial absorption of inventory costs affects the retail prices set by multiple suppliers with different market shares. This is the main characteristic of the mathematical model this study proposes, marking the major difference between this model and other CS models.
The rest of this paper is arranged as follows. Section 2 explores relevant studies on CS and highlights the characteristics of the proposed model and how it differs from other models. In Section 3, the symbols and assumptions of this model are defined. The mathematical model is described in Section 4, and sensitivity analyses are detailed in Section 5. Section 6 provides our conclusions and highlights the findings and their managerial implications.
Supply Chain Problems
Numerous studies have been conducted on supply chain problems between buyers and sellers. Goyal [12, 13] proposed the joint economics lot size (JELS) model for solving total cost minimization problems between suppliers and buyers. In their studies on the promotion of the JELS model, Goyal [14] and Goyal and Gupta [15] relaxed the assumed condition that suppliers use lot sales to improve the practicality of the model. However, these models all assumed that both suppliers and buyers were willing to accept this type of structured arrangement, which does not conform to actual practice.
In reality, the economic order quantity encountered by suppliers and retailers may be different. Thus, suppliers and retailers must negotiate product unit price and lot quantity. The aforementioned optimal arrangement from supplier and retailer negotiation is not the optimal arrangement for either the supplier or the retailer [16] .
Single-Supplier, Single-Buyer.
In a single-supplier, singlebuyer integrated inventory model, Hill [17, 18] discovered (under the assumption that buyer demand and ordering frequency is known) that the average total cost per unit time in a supplier and buyer cooperative relationship is far lower than when both parties do not cooperate. Goyal [19] further considered the influence of limitations in transportation equipment volume on the integrated model. Other related research focused on relaxing the assumed conditions to improve the applicability of the integrated inventory model [20] [21] [22] . Valentini and Zavanella [23] described the advantages of consignment stock (CS) strategy. Suppliers can not only use the storage space of buyers, but also avoid temporary large quantity orders from buyers. This enables suppliers to conduct product management that is most advantageous to themselves. Buyers can also maintain a basic stock level and improve service levels (reduce risks of being out of stock).
Braglia and Zavanella [24] proposed a CS strategy analysis model for a single-supplier and single-buyer in an uncertain environment (delayed delivery and random market demand). Zanoni and Grubbstrom [25] promoted a model by Braglia and Zavanella [24] , which considered the optimization of quantity transported, number of deliveries, and delayed deliveries. The CS analysis model developed by Srinivas and Rao [26] considered the contractual and crashing costs of lead time. In their CS analysis model, Persona et al. [27] considered the risks of obsolete products. Hill and Omar [28] compiled the aforementioned single-supplier, singlebuyer integrated product inventory problems. Using CS as an example, they allowed different lot quantities for each purchase and proposed a solution [29] . Gümüş et al. [30] discussed the influence of consignment storage and supplier inventory management. Ru and Wang [31] and Hwang and Wan [32] compared the profits and losses of retailer-managed consignment and supplier-managed consignment. Wang et al. [33] proposed a consignment inventory model of deteriorating products for buyers with storage limitations. Islam and Hoque [34] considered the optimal consignment inventory strategy for product demand distribution.
These studies typically explored problems in a singlesupplier, single-buyer inventory system, and these research results cannot be generalized to single-supplier, multiplebuyer inventory management problems. The primary reason for this limitation is the assumption that suppliers' production strategies are not influenced by buyers' purchase quantity. In reality, the buyers' purchase quantity not only influences the income of suppliers, but also influences production costs. This influence grows when a supplier encounters multiple buyers [35, 36] . However, a competitive relationship exists between buyers and they will use the product management strategies that are most advantageous to themselves [37] .
Single-Supplier, Multiple-Buyer.
Numerous single-supplier, multiple-buyer integrated inventory analysis models have been proposed; however, these integrated inventory models do not discuss consignment inventory problems [8, [38] [39] [40] [41] [42] [43] [44] [45] [46] ]. Yet, a few of the perspectives are noteworthy: Woo et al. [40] indicated that all suppliers and buyers are willing to establish EDI systems to reduce ordering costs. Furthermore, suppliers can grasp the real-time sales situation of buyers and modify their decision systems [16] . Siajadi et al. [47] discussed supplier product-transportation strategies and indicated that suppliers who transport products to multiple buyers obtain more profits than those who transport products to a single-buyer. This difference resulted from the fact that suppliers effectively establish transportation strategies and reduce transaction costs [48] . In their literature review, Chen and Sarker [46] underlined that the integrated model of integrated pricing and build to stock has gradually gained the attention of academia.
In a study on single-supplier, multiple-buyer integrated consignment inventory, Piplani and Viswanathan [49] developed a performance assessment model for traditional policy (TP) and consignment policy (CP). Srinivas and Rao [4, 50] used a genetic algorithm to develop a consignment inventory optimization model. Zavanella and Zanoni [2] built a singlesupplier, multiple-buyer integrated product inventory model based on CS. Yu et al. [5] used a simulation method to compare the potential profits of suppliers who used TP and CP. They discovered that suppliers using CP obtained a higher profit than those who used TP. Battini et al. [3] developed a multi-echelon inventory system for a singlesupplier and multiple buyers. Islam et al. [10] proposed a single-supplier, single-vendor, multiple-buyer product consignment inventory model and discovered that using CP increased the profits of consignment partners. Ben-Daya et al. [6] built a seller management consignment inventory model. Zahran and Jaber [11] further compared the profit differences among models adopting only TP or CP or integrated models adopted both at the supplier-vendor and vendor-retailer levels. Other studies on single-supplier, multiple-buyer CS management primarily relaxed assumption conditions to consider environmental limitations in actual practice, or included product demand distribution into the considerations [7] [8] [9] [51] [52] [53] [54] . Sarker [55] categorizes the consignment inventory model by structural configuration of the systems, operational policies, component analyses, cost and profit, and several other standard measures.
However, the focus of these research models was the contribution of consignment inventory toward the overall supply chain or to discuss optimal decisions in consignment inventory from the perspective of suppliers or retailers. These studies overlooked the fact that retailers must frequently adjust sale prices and irregularly promote the sales of product combinations when they encounter market competition. Few previous studies on consignment models have not discussed complete consignment models, in which the supplier absorbs the risk cost to retailers for failing to sell products, as well as partial consignment models, in which both suppliers and retailers absorb a part of the risk cost. Thus, the use of previous integrated consignment inventory models on these practical applications is limited.
Additionally, retailers have a competitive relationship, especially in a maturing e-commerce environment. Neither a consignment inventory system that considers the optimal decision of various retailers nor consignment inventory decisions that include product demand distribution problems can reflect the order decisions of retailers in a competitive relationship. Discussing the order decisions of retailers from the perspective of market share rate is highly relevant to the market situation and can increase the applicability of the results.
The primary feature of the transaction model proposed in this paper is that financial institutions are given adequate control over the transactions between suppliers, retailers, and consumers. If the suppliers obtain bank funds in installments for production purposes in accordance with a loan plan and then supply goods to the retailers through a sales channel affiliated with the bank, then the bank can easily determine whether the conversion of loaned funds into goods is as planned. In addition, a portion of the profits generated through the sale of goods under the proposed model can contribute to ongoing loan repayments as per the agreement. Therefore, the three questions inferred from a partial consignment model are echoed: (1) In an industrial environment a high percentage of enterprises are SMEs or enterprises often cannot provide sufficient collateral to gain bank loans, (2) suppliers or financial institutes can take the initiative and propose partnerships between suppliers and retailers, and (3) financial institutes may play the role of supervisors to ensure that the partnership is carried out according to their contracts and that the supplier stably provides supplies. The main negotiation when the supplier and multiple retailers make a contract will lie in the ratio at which each party undertakes the inventory costs. The proposed model has attracted considerable attention from the business sector and banking industry in Taiwan. The primary purpose of this study is to promote the proposed transaction model at all social levels in Taiwan, thereby achieving a mutually beneficial outcome for all parties (suppliers, retailers, and the banking industry). This is also the main difference between the proposed model and past CS models.
This paper examined the suppliers consignment strategies based on the assumption that the retailers agree to a partial consignment transaction model. The model in this study is for a single-supplier consigning products to multiple retailers, and the pricing decision for a single product was considered. The decision makers for pricing can be divided into a singlesupplier and multiple retailers. When the supplier deals with multiple retailers, each retailer adopts an economic order quantity (EOQ) decision model that minimizes each cycle's total cost (the sum of ordering costs and inventory costs) according to its market share (sales quantity per unit time). This study's mathematical model examines how, given that the supplier partially absorbs the inventory costs of the multiple retailers (i.e., the retailers only need to pay part of the wholesale price to the supplier when placing orders and can pay the rest after the retail sale is complete), the wholesale price and the partial absorption of inventory costs affect the retail prices of multiple retailers with different market shares.
Symbols and Assumptions
This study uses capitalized English characters to represent functions and lower case English characters to represent the constants.
: the price at which suppliers sell products to retailers (the wholesale price), where > > 0.
: cost per unit product obtained by suppliers.
: the cost per unit the retailer immediately pays the supplier upon buying the product, where ≥ ≥ 0.
( − )
is the remaining amount the retailers delay in paying the supplier until a product they have purchased is sold to the consumer.
(1) When = 0, the supplier adopts the strategy of complete consignment: the retailers only pay the supplier after they finish selling the products to customers.
When < , the supplier adopts a partial consignment strategy. In that case, usually the supplier must pay rack fees in advance, such as a fixed amount of Complexity 5 money or a certain percentage of the agreed sales price specified in a contract. When = the supplier and retailers adopt the TP in which the retailers buy out the goods. In the complete consignment model, the risk cost of unsold goods is absorbed by the retailer, whereas that in the partial consignment model is absorbed by both the supplier and the retailer.
Because supplier adopting complete consignment model is a special case of this study, the general characteristics of this study results in the complete consignment model still hold.
: the fixed transaction cost (i.e., the setup cost) of each retailer for each purchase (cost is produced with each purchase regardless of purchase quantity).
: the cost of ownership per unit capital in each unit time.
ℎ: retailers' cost of ownership per unit product in each unit time can be assumed from (1):
: number of retailers.
V : the th retailers' gross profit for each unit product, that is, the difference between the retailers' retail price ( + V ) and purchase price ; V value is the retailers' decision variable, which differs with each retailer. : the market share of retailer , where
: the upper limit for consumer market demand rate (demand rate when sales price ( + V ) is 0).
: sales rate per unit time (sales quantity per unit time) for retail price ( + V ), where
: the rate of change for sales price and unit time sales quantity in the consumer market, where / is the upper limit of the sales price in the consumer market. When the sales price ( + V ) increases to / , the demand rate is 0 (as shown in (5)). Therefore, ( − ) is the upper limit for gross profit V , = 1, 2, . . . , .
: the sale quantity of retailer per unit time. When the retail price is ( + V ), the retailer sales quantity per unit time ( ) is the sales rate per unit time ( ) (as shown in (5)) multiplied by the market share of retailer :
Mathematical Model
Providing that retailers using EOQ purchase decision exist and that they all purchase from the same supplier, the situation encountered by each retailer is as follows.
Retailer's Optimal Purchase Cycle and Optimal Purchase
Quantity. The optimal solution from the EOQ model showed that when the sales price of retailer is ( + V ), the optimal purchase cycle and the optimal purchase quantity for each cycle are as follows [56] :
The Maximal Unit Time Profit of Retailer .
From (7), the unit time income of retailer can be obtained:
From (7) and (8), when the gross profit for the th retailer is V , the cost of ownership per unit inventory in each unit time for the retailer is
From (10), when the values of and are given by the supplier, the maximal unit time profit of retailer is max
6 Complexity 4.3. Optimal Solution V of (11) . Let V * be the optimal solution for (11) . Consider the derivative of with respect to V to obtain
where the function (V ) is defined by
Calculating (V ) and (V ), it yields that
Using ( / V )| V=V * = 0 and calculating (11) and (12), it yields that
and hence
From (15), we can obtain (V ) < 0 if and only if V < 5 6 ( − ) .
The diagram obtained from (13), (15), (16) , and (18) is shown in Figure 1 .
The Properties of Optimal Solution
Eqs. (13) and (14) showed that V * must satisfy
This implies that Figure 1) .
The Changing Effect of the Optimal
Gross Profit V * of Retailer with respect to Price . We viewed V * as a function of (parameters except for remain unchanged) and considered the partial differential of (20) with respect to (denoted by V * ( )) to obtain
that is,
This implies that
Thus
It means that V * is smaller than the gross profit upper limit ( / − ) of 75%, ∀ = 1, 2, . . . , .
The upper limit of product gross profit refers to the phenomenon in which nobody is willing to purchase the products when retailers increase the unit price to ( − ). According to (26) , the condition for individual retailers' optimal gross profit V * to increase with the per unit purchase price is that the current optimal gross profit V * must be less than 75% of the aforementioned gross profit upper limit ( − ). Thus, an individual retailers' optimal gross profit V * of less than 75% of the gross profit upper limit ( − ) and a greater distance between these two items lead to a greater increase rate V * ( ) in V * . This rate increases with the per unit purchase price .
The Changing Effect of V
* with respect to the Unit Product Prepayment . The variable V * is viewed as the function of . Considering the partial differential of (20) with respect to , it yields that
This means that when is reduced, V * will decrease and therefore (30) and Figure 1 ) .
8 Complexity This equation shows that the optimal gross profit V * of all individual retailers' increases with the advance payment of per unit purchase ; the increase rate (i.e., V * ( )) and various parameter value relationships are expressed in (30).
* with respect to the Retailer Market Share . When becomes smaller, the curve = (V ) + √ /2 in Figure 1 moves upward. Consequently, intersection V * of the curve and the horizontal axis becomes larger. This indicates that
In reality, considering the partial differential of (20) with respect to , it yields
Together with (4), (32) , and (34), it leads to
This indicated that retailers with high market share have low optimal retail price V * .
* with respect to the Fixed Transaction Cost . We viewed V * in (20) as the function of parameters (other parameters remain unchanged). Copying the discussion of (26) , it leads to
This equation shows that the optimal gross profit V * of any seller increases with its order preparation cost . In other words, sellers must increase their selling price ( + V * ) when retailers increase their order preparation cost , resulting in an increase in sellers' optimal gross profit V * ( ); the increase rate (i.e., V * ( )) is expressed in (36).
* with respect to the Interest . We viewed V * in (20) as a function of parameter (other parameters remain unchanged). Copying the discussion of (26) , it leads to
This equation shows that when the retailers' holding cost per unit time during the acquisition of unit funds (i.e., interest rate) increases, they must increase their selling price ( + V * ). This causes their optimal gross profit V * to increase with ; the increase rate (i.e., V * ( )) is expressed in (37). Figure 1 shows that the two curves in the diagram moved toward the upper level and, therefore, V * increased. Considering the partial differential of (20) with respect to , it leads to
This equation shows that an increase in the upper limit of commodity market demand causes the whole demand function curve of commodities to shift upward, which in turn increases the optimal gross profit V * ( ) of any retail vendor.
The increase rate of the optimal gross profit (i.e., V * ( )) is expressed in (38).
* with respect to the Demand Function Slope . We viewed V * in (20) as a function of parameter . Considering the partial differential of (20) with respect to , it yields
Multiplying the factor √ − ( + V * ) to each term of the above equation, it leads to
Since 5 (43)
This equation shows that when the absolute value of the negative slope for the commodity market demand function ( > 0) increases, whether the retailers' optimal gross profit V * increases should still be judged based on the relative values of other parameters. The judgment criteria are expressed in (43).
Conclusions
We represented the optimal retailer product pricing problem in supplier's partial absorption of retailer inventory costs into a mathematical model that can be specifically discussed. The optimal retail price in this model showed that regardless of the parameters in the model or the number of retailers, each retailer's optimal retail price was between 1/2 (50%) and 2/3 (66.67%) times that of the gross profit upper limit. This indicated the retail price margin selected by retailers does not exceed 16.67% times (that is, between 66.67% and 50%) that of the gross profit upper limit. In particular, the higher the market share is, the closer the optimal retail price is to 50% of the gross margin ceiling. In turn, optimal retail price of the lower market share is closer to 66.67% of the gross margin ceiling.
To expand the applicability of this model, we further demonstrated a rate of change mathematical model for the changes in optimal retail price caused by variations in each parameter, which yielded various properties. The results of this study showed that (a) when a retailer sells goods, the lower the delayed payment that it pays the supplier, the closer the retailer's optimal gross profit to 2/3 of the gross profit's upper limit. By contrast, the higher the delayed payment, the closer the optimal gross profit to 1/2 of the optimal gross profit's upper limit.
(b) when retailers' purchase price increases for products that yield high gross profits (products that generate gross profits that exceed 75% of the gross profit upper limit) the optimal retail price decreases.
(c) when retailers' purchase price increases for products that yield low gross profits, the optimal retail price increases. The application of these results on the frequently encountered problem of whether retailers should increase or decrease retail prices when product purchase price increases has practical value.
Thus, comparisons of optimal retail prices for retailers with different market shares in this study are critical topics related to sales practices.
By using these research results, retailers can rapidly adjust product prices according to market change and sales requirements. Compared with complex analysis models previously used for calculating optimal policies, which are seldom used in actual practice [23] , the results of this study are convenient to apply in actual practice. Furthermore, these results can help suppliers decide their wholesale price levels and establish levels for absorbing retailers' inventory costs. Future studies must further expand these research results.
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